It is reasonably well-known that birefringent crystal optics can to some extent be described by the use of pseudo-Finslerian spacetimes (an extension of the natural pseudo-Riemannian Minkowski spacetime one encounters in mono-refringent situations). What is less commonly appreciated is that there are two separate and quite disjoint pseudo-Finsler structures for the two photon polarizations, and further, that there are separate tangent-space pseudo-Finsler structures defined by the group velocity and co-tangent-space pseudo-co-Finsler structures defined by the phase velocity. The inter-connections between these four separate pseudo-Finsler structures are much more subtle than one might at first suspect.
Introduction
The physics of birefringent crystals [1] provides a simple physical model for the mathematical object known as a pseudo-Finsler spacetime. While this is a reasonably common mantra within the community of physicists studying Finsler spacetimes, it is very difficult to get a clear and concise explanation of what is going on. In particular the fact that physicists need to work in Lorentzian signature (− + ++) instead of the Euclidean signature (++++) more typically used by the mathematicians leads to many technical subtleties (and can sometimes completely invalidate naive conclusions).
In this article, after very briefly presenting the basic definitions, we shall provide a simple tutorial outline of the optics of birefringent crystals, and show how various Finsler structures arise. Even in three-dimensional space there are at least four logically distinct Finsler structures of interest: On the tangent space each of the two photon polarizations leads, via study of the group velocity, to two quite distinct Finsler spacetimes. On the co-tangent space each of the two photon polarizations leads, via study of the phase velocity, to two quite distinct co-Finsler spacetimes. The inter-relations between these four structures is considerably more subtle than one might naively expect. Additionally, each of these four 3-dimensional spatial Finsler structures has a natural 4-dimensional extension to a spacetime pseudo-Finsler structure, and beyond that there are reasonably natural ways of merging the two photon polarizations into "unified" Finsler and coFinsler norms, though all these mathematical constructions do come with a priceand we shall be careful to point out exactly where the the technical difficulties lie.
Finally, using this well-understood physical system as a template, we shall (in the spirit of analogue spacetimes) then ask what this might tell us about possible Finslerian extensions to general relativity, and in particular to the subtle relationship between birefringence and bi-metricity (or more generally, multi-refringence and multi-metricity).
Bernhard Riemann
To set the stage, we point out that in Bernhard Riemann's 1854 inaugural lecture [2] , he made some brief speculations about possible extensions of what is now known as Riemannian geometry:
The next case in simplicity includes those manifolds in which the line-element may be expressed as the fourth root of a quartic differential expression. The investigation of this more general kind would require no really different principles, but would take considerable time and throw little new light on the theory of space, especially as the results cannot be geometrically expressed. . . . . . A method entirely similar may for this purpose be applied also to the manifolds in which the line-element has a less simple expression, e.g., the fourth root of a quartic differential. In this case the line-element, generally speaking, is no longer reducible to the form of the square root of a sum of squares, and therefore the deviation from flatness in the squared line-element is an infinitesimal of the second order, while in those manifolds it was of the fourth order.
In more modern language, Riemann was speculating about distances being defined by expressions of the form
Such manifolds, and their generalizations, have now come to be called Finsler geometries [3] . They are well-known in the mathematics community [4, 5, 6, 7, 8, 9, 10, 11, 12] , but considerably less common within the physics community [13, 14, 15, 16, 17, 18] . Perhaps the most extensive use of pseudo-Finsler geometries has been within the "analogue spacetime" community [19] where Finsler-like structures have arisen in the context of normal mode analyses [20, 21, 22] , in multi-component BEC acoustics [23, 24, 25] , and in nematic liquid crystals [26] .
Finsler basics
Mathematically, a Finsler function (Finsler norm, Finsler distance function) is defined as a function F (x, v) on the tangent bundle to a manifold such that
This then allows one to define a notion of distance on the manifold, in the sense that
is now guaranteed to be independent of the specific parameterization t. In the case of a (pseudo-)Riemannian manifold with metric g ab (x) one would take
but a general (pseudo-)Finslerian manifold the function F (x, v) is completely arbitrary except for the linearity constraint in v. ‡ It is standard to define the (pseudo-)Finsler metric as
which then satisfies the constraint
This can be viewed as a "direction dependent metric", and is clearly a generalization of the usual (pseudo-)Riemannian case. Almost all of the relevant mathematical literature has been developed for the Euclidean signature case (where g ab (x, v) is taken to be a positive definite matrix). Basic references within the mathematical literature include [3, 4, 5, 6, 7, 8, 9, 10, 11, 12] . ‡ In Euclidean signature, the function F (x, v) is typically smooth except at v = 0. In Lorentzian signature however, F is typically non-smooth for all null vectors -so that non-smoothness issues have grown to affect (infect?) the entire null cone. As we shall subsequently see below, sometimes a suitable power, F n , of the Finsler norm is smooth.
Birefringent optics
The basic physics reference we shall use is Born and Wolf, Principles of Optics. In particular we shall focus on Chapter XV, "Optics of crystals", pages 790-818. See especially pages 796-798 and pages 808-811 [1] . Specific page, chapter, and section references below are to the 7th (expanded) edition, 1999/2003. Permeability µ is taken to be a scalar, permittivity ǫ ij a 3 × 3 tensor. (This is an excellent approximation for all known optically active media.) By going to the principal axes we can, without loss of generality, take ǫ ij to be diagonal
We furthermore define "principal velocities"
Note (this is a tricky point that has the potential to cause confusion) that v x is not the velocity of light in the x direction -since ǫ x (and so v x ) is related to the properties of the electric field in the x direction, the principal velocity v x is instead the velocity of a light wave whose electric field is pointing in the x direction. That is, for light waves propagating in the y-z plane, one of the polarizations will propagate with speed v x .
Group velocity
The group velocity, v g , in the framework used by Born and Wolf, is identical to the "ray velocity", and is controlled by the so-called "ray equation". See (15.2.29), page 797. To set some conventions,n will always denote a unit vector in physical space -a unit with respect to the usual Euclidean norm, while n is a generic position in physical 3-space. In contrast,k will be reserved for a unit wave-vector in the dual "wave-vector space".
The ray equation:
Born and Wolf exhibit the ray equation in a form equivalent (Born and Wolf use t ↔ n) to:
Now define two quadratics (in terms of the three direction cosinesn i )
But sincen is a unit vector we could equally well rewrite this as
In this form both numerator and denominator are homogeneous and quadratic in the components ofn, so for any 3-vector n (now not necessarily of unit norm) we can take the further step of writing
The function v g (n) so defined is homogeneous of degree zero in the components of n:
The homogeneous degree zero property should remind one of the relevant feature exhibited by the Finsler metric. It is also useful to note that
Space and spacetime interpretation:
To obtain a spacetime interpretation of the ray equation let us first define
or the perhaps more transparent
This is clearly a 3-dimensional (Riemannian) Finsler structure defined on space, having all the correct homogeneity properties, F 3± (κ dx) = κ F 3± (dx). To extend this to (3+1) dimensional spacetime, first define a generic 4-vector
and then construct
The null cones of F 4± (dX) are defined by
So all of this has given us a very natural pair of pseudo-Finsler structures in terms of the ray velocities corresponding to the two photon polarizations. Let us now define the quantity
This is tantalizingly close to the quartic extension of the notion of distance that Bernhard Riemann speculated about in his inaugural lecture [2] . Physically the condition ds = 0 defines a double-sheeted conoid (a double-sheeted topological cone) that is the union of the propagation cone of the individual photon polarizations.
Phase velocity
In contrast, the phase velocity, in the framework used by Born and Wolf, is controlled by the so-called "equation of wave normals", also known as the "Fresnel equation". See equation (15.2.24) , page 796. The relevant computations are similar to, but not quite identical to, those for the group velocity.
The Fresnel equation:
Let us consider a plane wave exp(i[k · x − ωt]) and define the phase velocity by
then the Fresnel equation is equivalent (Born and Wolf use s ↔k) tô
This form of the equation exhibits "division by zero" issues if you try to look along the principal axes, so it is for many purposes better to multiply through by the common factor (v
This is clearly a quartic in v p and by regrouping it, and usingk ·k = 1, we can write
Let us now define two quadratics (in terms of the direction cosinesk i )
and
so as a function of direction the phase velocity is
This is very similar to the equations obtained for the ray velocity. In fact, we can naturally extend this formula to arbitrary wave-vector k by writing
This expression is now homogeneous of order zero in k so that
Again, we begin to see a hint of Finsler structure emerging.
Space and spacetime interpretation:
Because k is a wave-vector it transforms in the same way as the gradient of the phase; thus k is most naturally thought of as living in the 3-dimensional space of co-tangents to physical 3-space. Let us now define a co-Finsler structure on that tangent space by
We use the symbol G rather than F to emphasize that this is a co-Finsler structure, and note that this object satisfies the required homogeneity property
Now let us go for a (3+1) dimensional spacetime interpretation: Consider the 4-co-vector
and define
We again see that this object satisfies the required homogeneity property
so that this object is indeed suitable for interpretation as a co-Finsler structure.
Furthermore the null co-vectors of G 4 are defined by
which is exactly the notion of dispersion relation for allowed "on mass shell" wave-4-vectors that we are trying to capture: Thus G 4± lives naturally on the co-tangent space to physical spacetime, and we can interpret it as a pseudo-co-Finsler structure. We can define a "unified" quantity
Physically, the condition G 4 (k) = 0 simultaneously encodes both dispersion relations for the two photon polarizations. Furthermore, we see that G 4 (k) is tantalizingly close to a co-tangent space version of the quartic expression considered by Riemann [2] .
Technical issues and problems
Now the situation so far looks very pleasant and completely under control -and if this were all there was to the matter, the situation would be very pleasant indeed -but now let us indicate where potential problems are hiding.
• Note that up to this stage we have not established any direct connection between the Finsler functions F ± (n) and the co-Finsler functions G ± (k). Physically it is clear that they must be very closely related, but (as we shall soon see) establishing the precise connection is tricky.
• The standard definition used to generate a Finsler metric from a Finsler distance is to set
it is convenient to first write the quadratics as
since then
contributions coming from the discriminant). (49)
Unfortunately we shall soon see that the contributions coming from the discriminant are both messy, and in certain directions, ill-defined.
• Similarly we can construct a co-metric
it is again convenient to first write the quadratics as
Again we shall see that the contributions coming from the discriminant are, in certain directions, problematic.
• There are also problematic technical issues involving the 4-dimensional spacetime pseudo-Finsler and pseudo-co-Finsler metrics -again certain components of the metric are infinite, but this time the potential pathology is more widespread.
Connecting the Finsler and co-Finsler structures
Connecting the ray-vectorn and the wave-vectork in birefringent optics is rather tricky -for instance, Born and Wolf provide a rather turgid discussion on page 798 -see section 15.
2.2, equations (34)-(39). The key result is
which ultimately can be manipulated to calculaten as a rather complicated "explicit" function ofk -albeit an expression that is so complicated that even Born and Wolf do not explicitly write it down. Unfortunately all the extra technical machinery provided by Finsler notions of norm and distance do not serve to simplify the situation. §
Technical problems with the Finsler 3-metric
Consider the (ray) discriminant
There are three cases of immediate interest:
Isotropic: If v x = v y = v z thenD = 0; in this case the 2 Finsler functions F ± are equal to ech other. F 3 (dx) then describes an ordinary Riemannian geometry, and F 4 (dX) an ordinary pseudo-Riemannian geometry. § The fact that phase and group velocities can be used to define quite distinct, and in some situations completely unrelated, effective metrics has also been noted in the context of acoustics [24, 27] .
Uni-axial: If one of the principal velocities is distinct from the other two we can without loss of generality set v x = v y = v o and v z = v e . The discriminant is then a perfect squareD
In this case it is immediately clear that both F 3± (dx) reduce to simple quadratics, and so describe two ordinary Riemannian geometries. Indeed
In the language of crystal optics v o and v e are the "ordinary" and "extraordinary" ray velocities of a uni-axial birefringent crystal. In geometrical language the two photon polarizations "see" distinct Riemannian 3-geometries F 3± (dx) and distinct pseudo-Riemannian 4-geometries F 4± (dX) -this situation is referred to as "bimetric".
Bi-axial: The full power of the Finsler approach is only needed for the bi-axial situation where the three principal velocities are distinct. In this case we can without loss of generality orient the axes so that v x > v y > v z . There are now two distinct directions in the x-z plane where the discriminant vanishes -these are the called the (ray) optical axes. After some manipulations that we relegate to an appendix, the discriminant can be factorized as
where the (ray) optical axes arē
Note thatē 1,2 are unit vectors (in the ordinary Euclidean norm) so that the discriminantD vanishes for any n ∝ē 1,2 , and does not vanish anywhere else. We can thus introduce projection operatorsP 1 andP 2 and writē
Combining this with our previous results:
If we now calculate the Finsler metric [g 3± (n)] ij we shall rapidly encounter technical difficulties due to the discriminant term.
In calculating the Finsler metric [g 3± ] ij we must deal with terms of the form
A brief computation, (temporarily suppressing the argument n), yields
From this it is clear that along either optical axis (as long as the optical axes are distinct) some of the components of [P 3 ] ij , and therefore some of the components of the Finsler
] ij will be infinite. To see this in an invariant way, let u and w be two 3-vectors and compute
This will tend to infinity as n → either optical axis provided:
• The optical axes are distinct. (If the optical axes are coincident thenP 1 =P 2 and P 3 degenerates to
and one recovers the result for a uni-axial crystal.) • One is not considering the special case u = w = n. (In this particular special casē P 3 degenerates to
which is well-behaved on either optical axis.)
In summary: The Finsler 3-metric is [g 3± ] ij generically ill-behaved on either optical axis. This feature will also afflict the pseudo-Finsler 4-metric [g 4± ] ab defined by suitable derivatives of the Finsler 4-norm F 4± .
Technical problems with the co-Finsler 3-metric
The phase discriminant
arising from the Fresnel equation (and considerations of the phase velocity) exhibits features similar to those arising for the ray discriminant:
• If the crystal is isotropic D = 0.
• If the crystal is uni-axial D is a perfect square
and so the co-Finsler structures G 3± are both Riemannian:
• Only in the bi-axial case are the co-Finsler structures G 3± truly Finslerian. There are now two (phase) optical axes (wave-normal optical axes) along which the discriminant is zero, these optical axes being given bŷ
in terms of which the phase discriminant also factorizes
The co-Finsler norm is then (now using projection operators P 1 and P 2 based on the phase optical axes e 1,2 )
The co-Finsler metric is defined in the usual way
This now has the interesting "feature" that some of its components are infinite when evaluated on the (phase) optical axes. 
Technical problems with the spacetime interpretation
The 4-dimensional spacetime objects that are closest in spirit to Riemann's original suggestion [2] are the quantities
as defined in equation (27) and (46). This is tantamount to taking
Now F 4 (dX) and G 4 (k) are by construction perfectly well behaved pseudo-Finsler and pseudo-co-Finsler norms, with the correct homogeneity properties -and with the nice physical interpretation that the vanishing of F 4 (dX) defines a double-sheeted "signal cone" that includes both polarizations, while the vanishing of G 4 (k) defines a doublesheeted "dispersion relation" ("mass shell") that includes both polarizations. While this is not directly a "problem" as such, the norms F 4 (dX) and G 4 (k) do have the interesting "feature" that they pick up non-trivial complex phases: Since F 4± (dX) 2 is always real, (positive inside the propagation cone, negative outside), F 4± (dX) is either pure real or pure imaginary. But then, thanks to the additional square root in defining F 4 (dX), one has:
• F 4 (dX) is pure real inside both propagation cones.
• F 4 (dX) is proportional to
between the two propagation cones.
• F 4 (dX) is pure imaginary outside both propagation cones.
Similar comments apply to the pseudo-co-Finsler norm G 4 (k). In the usual Euclidean signature situation the Finsler norm is taken to be smooth everywhere except for the zero vector -this is usually phrased as "smooth on the slit tangent bundle". What we see here is that in a Lorentzian signature situation the pseudo-Finsler norm cannot be smooth as one crosses the propagation cones -what was in Euclidean signature a feature that only arose at the zero vector of each tangent space has in Lorentzian signature grown to affect (infect?) all null vectors. The pseudo-Finsler norm is at best "smooth on the tangent bundle excluding the null cones". (In a mono-refringent case
2 is smooth across the propagation cones, but in the bi-refringent case one has to go to F 4 (dX) 4 to get a smooth function.) Unfortunately, when attempting to bootstrap these two norms to pseudoFinsler and pseudo-co-Finsler metrics one encounters additional and more significant complications. We have already seen that there are problems with the 3-metrics [g 3± ] ij (n) and [h 3± ] ij (k) on the optical axes, problems which are inherited by the singlepolarization 4-metrics [g 4± ] ab (n) and [h 4± ] ab (k), again on the optical axes. But now the 4-metrics
both have (at least some) infinite components -[g 4 ] ab (n) has infinities on the entire signal cone, and [h 4 ] ab (k) has infinities on the entire mass shell. Since the argument is essentially the same for both cases, let us perform a single calculation:
That is, tidying up:
The problem is that this "unified" metric g ab (n) has singularities on both of the signal cones.
• The good news is that the quantity g ab (n) n a n b = F 2 (n), and so on either propagation cone F → 0, so F (n) itself has a well defined limit.
• But now let n a be the vector the Finsler metric depends on, and let w a be some other vector. Then
The problem now is this: g + and g − have been carefully constructed to be individually well defined and finite (except at worst on the optical axes). But now as we go to propagation cone "+" we have
and as we go to the other propagation cone "−" we have
So at least some components of this "unified" metric g ab (n) are unavoidably singular on the propagation cones.
• Things are just as bad if we pick u and w to be two vectors distinct from n. Then
Again, despite the fact that g + and g − are very carefully set up to be regular on the propagation cones (except for the known problems on the optical axes), the "unified" metric g ab (n) is unavoidably singular there -unless, that is, you only choose to look in the nn direction.
Related (singular) phenomena have been encountered in multi-component BECs, where multiple phonon modes can interact to produce Finslerian propagation cones [23] .
Discussion and Conclusions
The results of this investigation have been rather mixed. On the one hand we have seen how birefringent crystal optics is a good exemplar for providing a clean physical implementation of the mathematical notion of a Finsler norm and Finsler metric. On the other hand we have also seen how this rather straightforward physical model, with its very clear and direct physical interpretation, nevertheless leads to a number of technical mathematical difficulties.
• While the 3-space Finsler and co-Finsler norms corresponding to the two photon polarizations are always well-defined, the 3-space Finsler and co-Finsler metrics have undesirable properties on the optical axes -ultimately this is due to the fact that the two photon polarizations have the same group velocity (and same phase velocity) only on the optical axes -so that the structure of the indicatrix is complicated (continuous but not differentiable) on the optical axes. This feature then also afflicts the 4-space pseudo-Finsler and pseudo-co-Finsler metrics that cam be constructed for each individual photon polarization. While annoying, this problematic feature is at least physically isolated to the optical axes, and does not seem to be a fundamental barrier to developing a useful formalism.
• It is when one tries to "unify" the two polarization modes into a single structure that deeper problems arise -again the 4-space pseudo-Finsler and pseudo-co-Finsler norms are certainly well defined (and are extremely close to Riemann's original conception of what a 4th-order geometry should look like), but now (at least as long as we retain the usual Euclidean signature definitions) the 4-space pseudoFinsler and pseudo-co-Finsler metrics are singular on the entire signal cone and mass shell respectively. This problematic feature is intimately related to the fact that we are dealing with pseudo-Finsler and pseudo-co-Finsler geometries -it is a "divide by zero" problem, associated with non-zero null vectors on the signal cone (and mass shell), that leads to singular values for metric components. This appears to us to be an intrinsic and unavoidable feature of pseudo-Finsler and pseudo-co-Finsler metrics.
We have worked through the mathematical aspects of the Finsler space interpretation of birefringent optics in some detail because this is a situation in which we know and understand the basic physics in considerable detail. Because of this, any problematic mathematical details or oddities we run across cannot be ascribed to unknown details of the physics -any unusual features we encounter must be ascribed to our choice of mathematical formalism, and if they already arise in this very simple physical system, then any such unusual features are likely to be inherited by more complicated physical situations. (In particular, since our long range goal is to develop insight into "quantum gravity phenomenology", issues we encounter here are likely to re-occur there, possibly with even more virulence.) Overall, the lessons learned form this particular model have led us to re-evaluate and re-assess the notion of what it means to have a Lorentzian-signature Finsler geometry,
